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In this paper we define an integral of Kurzweil]Henstock type over multidimen-
sional unbounded intervals having the property that a multiple series converges in
the sense of Hardy]Moricz if and only if the associated step function is integrableÂ
in this sense. We show that this integral has good properties and in particular
Hake's property characterizing the integrability in terms of some convergence
property of the associated indefinite integral, and a divergence theorem on
unbounded intervals. Q 1997 Academic Press
1. INTRODUCTION
The aim of this paper is to define an integral over unbounded intervals
with the property that a d-multiple series a : Nd ª R converges if and only
w .dif the associated step function f : 0, ` ª R is integrable. A first attempt
w xin this direction was made by C. Pierson-Gorez in 7 . She succeeded in
obtaining such a result for the so-called RRGM-integral, but this integral
has the deficiency that there exist many integrable functions which are not
integrable on all subintervals. Our purpose is to present an integral which
satisfies all the desired properties.
The failure of the hereditary property for the RRGM-integral is not due
to the choice of the Riemann-type integration, but to the choice of the
notion of convergence for the multiple series and hence for the indefinite
.integral . Clearly, one must consider a notion of convergence which
involves the convergence of all partial series. By simply adding this
* Supported by a grant from the Swiss National Funds for Scientific Research.
65
0022-247Xr97 $25.00
Copyright Q 1997 by Academic Press
All rights of reproduction in any form reserved.
FAURE AND MAWHIN66
 .condition to the usual Pringsheim's i.e., rectangular convergence, G. H.
Hardy obtained a very satisfactory definition of the convergence for the
w xdouble series 1 . And sixty years later, F. Moricz introduced an equivalentÂ
w xand elegant definition for the case of a general multiple series 4 . In
Section 2, we show that the space of all convergent d-multiple series
a : Nd ª E into a Banach space E has a natural Banach space structure,
and we also give a Fubini theorem for multiple series, cf. Theorem 2.9.
The definition of our integral is introduced in Section 3. Using the
Cauchy's criterion of Proposition 3.6 we prove that if the function f is
integrable on the interval I : R d, then it is integrable on every subinterval
 .I : I bounded or unbounded . If we suppose that the function f is0
integrable on every compact interval J : I, then the integrability of f is
 .equivalent to the convergence of the indefinite integral F J s H f , asJ
shown in Theorem 4.5 the definition of the convergence for an interval
function is very similar to the definition of the convergence for a multiple
.series . This important Hake's property, which can be taken as a definition
of the integral, allows a short proof of the equivalence between the
convergence of a multiple series a : Nd ª E into a Banach space E
w .dand the integrability of the associated function f : 0, ` ª E, cf.
Theorem 4.10.
The results presented in this paper do not depend on a particular choice
of the gauge integral the key lemmas being Proposition 3.6 and Lemma
.  w x.4.4 , and we use the classical Kurzweil]Henstock integral cf. 2, 3 just for
simplicity.
2. CONVERGENCE OF MULTIPLE SERIES
 . dNotations 2.1. We write n for a d-multiple index n , . . . , n g N .1 d
Given two indices m, n g Nd we put
R m, n s p g Ndrm F p F n , 4 .
where m F p iff m F p , for all i s 1, . . . , d. A rectangle is a subseti i
d  . dR : N satisfying R s R m, n for some m, n g N . We shall also consider
the cubes
C N s p g Ndrp F N for all i s 1, . . . , d . .  4i
If a : Nd ª E is a d-multiple sequence into a Banach space E, we often
write  R instead of  a or  a .n g R n R n
DEFINITION 2.2. Let E be a Banach space and let a : Nd ª E be a
d-multiple sequence in E. We recall that the series  a con¨erges in then
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sense of Pringsheim to the sum s g E if for any « ) 0 there exists an integer
N g N with the property
 . 5 5  .1  R y s - « for every rectangle R with C N : R.
w xFollowing F. Moricz 4 , we say that the series  a con¨erges to the sumÂ n
s g E if for any « ) 0 there exists an integer N g N with the properties
 . 5 5  .1  R y s - « for every rectangle R with C N : R,
 . 5 5  .2  R - « for every rectangle R with C N l R s B.
One can show that this second condition is equivalent with the conver-
gence of the partial series, cf. Theorem 2.11.
d  .LEMMA 2.3. Let R be a rectangle of N . Then for any cube C N there
 .exist disjoint rectangles R , R , . . . , R such that R s C N l R and0 1 d 0
R s R j ??? j R .0 d
 .Proof. If R is the rectangle R m, n , then for i G 1 one can take
 .  . R s R p , q , where p s m k N q 1 e and q s n n N, . . . , n ni i i i i i 1 iy1
.N, n , . . . , n .i d
5 5COROLLARY 2.4. Suppose that  R - « for e¨ery rectangle R with
 .  . 5C N l R s B. If R is any rectangle with C N : R, then one has  R y
 .5 C N - d« .
Proof. This is an immediate consequence.
COROLLARY 2.5. If the series  a con¨erges, then the supremum o¨er alln
d 5 5the rectangles R : N of the ¨alues R is finite.
5 5Proof. There exists N g N such that  R - 1 for every R with
 .C N l R q B. For an arbitrary rectangle R, one thus obtains
5 5 5 5 R - max  R q d, where the max is taken over all the rectangles0
 .R : C N .0
 .PROPOSITION 2.6 Cauchy's Criterion . The series  a con¨erges if andn
only if for any « ) 0 there exists an integer N g N with the property
 . 5 5  .2  R - « for e¨ery rectangle R with C N l R s B.
 .Proof. ¥ For each k g N there exists an integer N g N such thatk
5 5  . R - 1rk for every rectangle R with C N l R s B. One may as-k
5  .sume that N F N . According to Corollary 2.4 one has  C N yk kq1 l
 .5  . C N - drk for every l G k, and this proves that s s  C N is ak k k
Cauchy sequence in the Banach space E.
Let s g E be the limit of this Cauchy sequence. We consider an
 .arbitrary rectangle R with C N l R s B. Using Corollary 2.4 oncek
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again we obtain
5 5 5 5R y s F R y s q s y s - drk q lim s y s F 2 drk.  k k k l
lª`
 .So the condition 1 is satisfied and the series  a converges to s.n
COROLLARY 2.7. Let 1 F e - d and p g Ne be fixed. We consider the
 . dye  .  .multiple sequence b : N ª E defined by b s a p, q . If the seriesp p q
 . a con¨erges, then the partial series  b is also con¨ergent.n p q
5 5Proof. Given « ) 0 there exists an integer N g N such that  a - «R n
 . dyefor every R with C N l R s B. Now let T : N be an arbitrary
 .  4rectangle with C N l T s B. Then the rectangle R s p = T satis-dye
 . 5  . 5 5 5fies C N l R s B, and one obtains  b s  a - « . ThereforeT p q R n
 . b is a convergent series.p q
 .DEFINITION 2.8. We denote by CS d, E the vector space of convergent
d 5 5 5 5series N ª E together with the norm a s sup  R , cf. Corollary 2.5.
 . It is a classical exercise to show that CS d, E is a Banach space use the
.Cauchy's criterion .
THEOREM 2.9. Let 1 F e - d be fixed. For any index p g Ne we define
 . dye  .  .the multiple sequence b : N ª E by b s a p, q . Then the seriesp p q
 . e a con¨erges if and only if b g CS d y e, E for e¨ery p g N and then p
 .series  a con¨erges in the Banach space CS d y e, E . Moreo¨er, if c isp p
the sum of the series  b and s the sum of the series  c , then the seriesp p
 a con¨erges to s.n
 .  .Proof. « By Corollary 2.7 we know that each partial series  bq p q
converges. So it remains to verify the Cauchy's criterion for the series  b .p
5 5Given « ) 0 there exists an integer N g N such that  a - « forR n
 . e  .every R with C N l R s B. If S : N is any rectangle with C N ld e
 .S s B, then R s S = T satisfies the condition C N l R s B for alld
dye 5  . 5 5 5rectangles T : N . Therefore   b s  a - « for all rec-T S p q R n
5 5tangles T , and this proves that  b F « .S p
 . 5 5« Given « ) 0 there exists an integer P g N such that  b - «S p
e  .for every rectangle S : N with C P l S s B. And for each indexe
 . 5  . 5 yep g C P there exists an integer Q g N such that  b - e ? Pe p T p q
dye  .for every T : N with C Q l T s B. We consider N s P kdye P
 .max Q . Now let R s S = T be any rectangle with C N l R s B.p d
 . 5 5 5  . 5 5 5Case 1. C P l S s B. Then  a s   b F  b - « .e R n T S p q S p
 .  .Case 2. S : C P . Then C N l T s B ande dye
a F b - « . .  n p q
R S T
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5 5  .By Lemma 2.3 one obtains  a - d q 1 « for the general case, andR n
this proves that the series  a converges according to the Cauchy'sn
criterion.
In order to show that s is the sum of the series  a , we take an integern
5 5 e  .N g N such that  b y c - « for every S : N with C N : S andS p e
5 5 dye  . c y s - « for every T : N with C N : T. If R s S = T isT q dye
 . 5 5 5 any rectangle containing C N , then one has  a y s F   b yd R n T S p
. 5 5 5c q  c y s - 2« .q T q
Open Problem. Is there a similar Fubini theorem for the integral of a
 .real function defined on a compact interval I s I = I ?1 2
COROLLARY 2.10. If the series  a con¨erges to the sum s, then one hasn
` `
s s ??? a n , . . . , n ??? .  s 1. s d. 5 5
n s1 n s11 d
 4for e¨ery permutation s of the set 1, . . . , d .
Proof. Since the convergence does not depend on a permutation of the
coordinates, one may assume that s s id. So the assertion follows by
induction on d.
 w x.We also mention the following important theorem cf. Theorem 1 in 5 .
 .THEOREM 2.11 Moricz . The series  a con¨erges if and only if itÂ n
con¨erges in the sense of Pringsheim together with all its partial series of any
.order 1 F e - d .
Other equivalent descriptions of the convergence for the case of
w x a double series can be found in 9 especially interesting is the
.s -convergence .2
3. DEFINITION OF THE INTEGRAL
d Notations 3.1. Let I : R be a closed interval all intervals are sup-
.posed to be non-degenerate . The set of all compact subintervals J : I is
 .  .  .denoted by J I . The measure m J and the length l J of an interval
 .  .J g J I are defined as usual. For two intervals J, K g J I we write JrrK
if their interiors are disjoint.
Now suppose that I : R d is a compact interval. A partition of I is a
 .finite collection of intervals J , . . . , J g J I such that J rrJ for all i / j1 n i j
and I s Dn J . A di¨ ision of the interval I is a finite collection D sis1 i
 .  .4  4J , x , . . . , J , x where x g J for each i and J , . . . , J is a partition1 1 n n i i 1 n
of I. Given a gauge d : I ª R one says that a division D or I is d-fineq
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 .  .if l J - d x for all i s 1, . . . , n. The set of all d-fine divisions D ofi i
 .   .I is denoted by D I, d remark that D I, d is not empty for every
.choice of d .
DEFINITION 3.2. Let I : R d be a compact interval and let f : I ª E be
a function into a Banach space E. We recall that the function f is
 .integrable in the sense of Kurzweil]Henstock if there exists an element
A g E such that for any « ) 0 there exists a gauge d : I ª R with theq
property.
 . 5  . 5  .0 S f , D, I y A - « for every division D g D I, d ,
 . n  .  .where S f , D, I s  m J f x is the usual Riemann sum associatedis1 i i
d  .to D. Now let I : R be a closed and possibly unbounded interval. We
say that a function f : I ª E is integrable if there exists an element A g E
such that for any « ) 0 there exist a gauge d : I ª R and a compactq
 .interval J g J I with the properties
 . 5  . 5  .1 S f , D, H y A - « for every division D g D H, d with H g
 .J I and J : H,
 . 5  .5  .  .2 S f , D, H - « for every division D g D K, d with K g J I
and JrrK.
The integral A g E is clearly unique and denoted by H f. In the particularI
case where I is a compact interval, this definition is equivalent to the
preceding one.
Remark 3.3. For m s 1 the second condition follows from the first
w x w x w xone. Let J s a, b and K s c, d with c G b. One puts H s a, c and1
w x  .  .H s a, d . Choosing two divisions D g D K, d and D g D H , d , and2 1 1
 . 5  .5considering D s D j D g D H , d one concludes that S f , D, K F2 1 2
5  . 5 5  . 5S f , D , H y A q S f , D , H y A - 2« .2 2 1 1
 .LEMMA 3.4. Let J, H g J I be two inter¨ als with J : H. Then there exist
 .  4inter¨ als K , . . . , K g J I with r F 2 d and such that J, K , . . . , K is a1 r 1 r
partition of H.
d w x d w xProof. Let J s  c , d and H s  a , b . For a / c andis1 i i is1 i i i i
w x w xd / b one chooses K s  a , b = S =  c , d , wherei i i, " j- i j j i, " j) i j j
w x w xS s a , c and S s d , b .i, y i i i, q i i
5  .5COROLLARY 3.5. Suppose that S f , D, K - « for e¨ery di¨ ision D g
 .  .  .D K, d where K g J I and JrrK. Then for any di¨ ision D g D J, d and
 .  .any inter¨ al H g J I with J : H there exists a di¨ ision D9 g D H, d such
5  .  .5that S f , D9, H y S f , D, J - 2 d« .
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 .Proof. One just chooses a division D g D K , d for all i s 1, . . . , r.i i
Then the division D9 s D j D j ??? j D clearly satisfies the desired1 r
condition.
 .PROPOSITION 3.6 Cauchy's Criterion . A function f : I ª E is integrable
 .if and only if for any « ) 0 there exist a gauge d : I ª R and J g J I withq
the properties
 . 5  .  .51 S f , D , H y S f , D , H - « for e¨ery di¨ ision D , D g1 2 1 2
 .D H, d with J : H,
 . 5  .5  .2 S f , D, K - « for e¨ery di¨ ision D g D K, d with JrrK.
 .Proof. ¥ For each k g N one chooses a gauge d : I ª R and ank q
 .  .  .interval J g J I with the properties 1 and 2 for « s 1rk. One mayk
assume that d F d and J : J for every k. We consider thekq1 k k kq1
 .sequence x s S f , D , J , where D is some fixed d -fine division of thek k k k k
interval J . By the preceding corollary we obtaink
X X5 5 5 5x y x F x y S f , D , J q S f , D , J y x - 2 d q 1 rk .  .  .l k l k l k l k
for every l G k, and this proves that x is a Cauchy sequence in thek
Banach space E.
Let A g E be the limit of this Cauchy sequence, and consider a division
 .  .D g D H, d with H g J I and J : H. Using Corollary 3.5 once againk k
we conclude that
X XS f , D , H y A F S f , D , H y S f , D , H q S f , D , H y A .  .  .  .k k
F 2 d q 1 rk q x y A s 2 d q 1 rk .  .k
q lim x y x F 4d q 2 rk . .k l
lª`
 .So the condition 1 is satisfied and f is integrable, with H f s A.I
 .LEMMA 3.7. Let I be a subinter¨ al of I and let J g J I be such that0 0 0
 .  .J s J l I for some inter¨ al J g J I . Then for any inter¨ al H g J I0 0 0 0
 .with J : H there exists an inter¨ al H g J I such that J : H and H s H0 0 0
l I .0
Proof. Let I s  d R where R is a closed interval of R. Similarly,is1 i i
let I s  d S and J s  d T with S j T : R . Then one obtains0 is1 i is1 i i i i
d  . dJ s  S l T . Finally, given H s  U with S l T : U : S ,0 is1 i i 0 is1 i i i i i
d  .we consider the interval H s  T j U . One has H s H l Iis1 i i 0 0
 .because T j U l S s U for all i s 1, . . . , d.i i i i
THEOREM 3.8. Let f : I ª E be an integrable function. Then f is
integrable on e¨ery subinter¨ al I : I.0
FAURE AND MAWHIN72
Proof. Given « ) 0 there exist a gauge d : I ª R and an intervalq
 .  .  .J g J I satisfying the conditions 1 and 2 of Cauchy's criterion. As the
interval J can be replaced by any bigger interval, one may assume that
5  .5J s J l I is non-degenerate. Clearly, one has S f , D, K - « for0 0 0
 .  .every division D g D K , d with K g J I and J rrK . So it remains0 0 0 0 0
to verify the second condition of Cauchy's criterion.
 .  .We consider two divisions D , D g D H , d with H g J I and1 2 0 0 0
 .J : H . By the preceding lemma there exists an interval H g J I such0 0
that J : H and H s H l I . And by Lemma 3.4 there exist intervals0 0
 .  4K , . . . , K g J I such that H , K , . . . , K is a partition of H. Choosing1 r 0 1 r
 .for each i s 1, . . . , r a division E g D K , d we obtain two divisionsi i
X  .D s D j E j ??? j E g D H, d . So we conclude thati i 1 r
X XS f , D , H y S f , D , H s S f , D , H y S f , D , H - « . .  .  .  .1 0 2 0 0 2
Therefore f is integrable on I by Cauchy's criterion.0
 .Remark 3.9. We denote by J * I the set of all closed subintervals
 .I : I. If f : I ª E is integrable, then one gets a function F : J * I ª E,0
 .called the indefinite integral of f , and defined by F I s H f. So it will be0 I0
useful to introduce a notion of convergence for the interval functions
 .F : J I ª E.
4. THE MAIN RESULTS
d  .DEFINITION 4.1. Let I be a closed interval of R and let F : J I ª E
 .be an additive interval function into a Banach space E. We say that F J
con¨erges to the limit A g E if for any « ) 0 there exists an interval
 .J g J I with the properties
 . 5  . 5  .1 F H y A - « for every interval H g J I with J : H,
 . 5  .5  .2 F K - « for every interval K g J I with JrrK.
 .The vector A g E is clearly unique and denoted by lim F J , or simplyJ ª I
 .  .F I . The notation is coherent since A s F I when I is a compact
interval.
 .  .PROPOSITION 4.2 Cauchy's Criterion . An additi¨ e function F : J I ª
 .E con¨erges if and only if for any « ) 0 there exists an inter¨ al J g J I with
the property
 . 5  .5  .2 F K - « for e¨ery inter¨ al K g J I with JrrK.
 .Proof. This is left as an exercise use Lemma 3.4 .
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 .COROLLARY 4.3. If an additi¨ e inter¨ al function F : J I ª E con¨erges,
 .then the limit F I exists for e¨ery subinter¨ al I : I. Moreo¨er, the extension0 0
 .  .F : J * I ª E is also an additi¨ e function on the set of all subinter¨ als of I .
Proof. This is an easy verification.
LEMMA 4.4. Let f : I ª E be integrable on e¨ery compact inter¨ al J : I.
 .  .We consider the additi¨ e inter¨ al function F : J I ª E defined by F J s
H f. Then for any « ) 0 there exists a gauge d : I ª R with the propertyJ q
S f , D , J y F J - « .  .
for every division D g D J , d with J g J I . .  .
w xd  .dProof. We consider the sets C s yn, n and U s yn, n l I. Sayn n
U / B for all n G N. Since f is integrable on the interval I s C l I,n n n
there exists for each n G N a gauge d : I ª R with the propertyn n q
y2S f , D , I y F I - 2 « for every division D g D I , d . .  .  .n n n n
 .  . One may assume that d x - d x, ­ C for all x g U where ­ Cn n n n
.  .  .denotes the boundary of C . We put d x s d x for every elementn n
x g A s U _ Dny1 U , and we thus get a gauge d : I ª R . Now let Dn n jsN j q
be an arbitrary d-fine division of some compact interval J : I. According
 w x.to the Saks]Henstock lemma see, e.g., Lemma 10.8 in 3 we obtain
`
S f , D , J y F J F m J f x y F J 4 .  .  .  .  .  i i i
nsN x gAi n
`
yn- 2 « F «
nsN
 .remark that J : I when x g A . So the lemma is proved.i n i n
THEOREM 4.5. Let f : I ª E be integrable on e¨ery compact inter¨ al J : I
 .  .and define F : J I ª E by F J s H f. Then f is integrable on the inter¨ al IJ
 .if and only if the function F con¨erges, in which case one has H f s F I .I
 .Proof. « Given « ) 0 there exist a gauge d : I ª R and an inter-q
 . 5  .5  .val J g J I such that S f , D, K - « for every division D g D K, d
 .with K g J I and JrrK. Since, obviously, there exists a division D g
 . 5  .  .5 5  .5D K, d with S f , D, K y F K - « , we obtain F K - 2« . So the
function F converges by Proposition 4.2.
 .¥ Let « ) 0. One considers a gauge d : I ª R as in the precedingq
 .lemma, and an interval J g J I with the properties
 . 5  .  .5  .1 F H y F I - « for every interval H g J I with J g H,
 . 5  .5  .2 F K - « for every interval K g J I with JrrK.
 .  .Then the conditions 1 and 2 of Definition 3.2 are trivially satisfied.
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COROLLARY 4.6. Let f : I ª E be integrable. Then the function
 .  .F : J * I ª E defined by F I s H f is an additi¨ e inter¨ al function.0 I0
Proof. This follows directly from Theorem 4.5 and Corollary 4.3
 4COROLLARY 4.7. Let I , I be a partition of the inter¨ al I. If the1 2
function f : I ª E is integrable on the inter¨ als I and I , then f is integrable1 2
on I.
 .  .  .Proof. Let J g J I be an interval with J f J I l J I . By the1 2
 w x.classical property for compact intervals see, e.g., Proposition 10.3 in 3 ,
 .  .  .we know that f is integrable on J and F J s F J l I q F J l I .1 1 2 2
 .Now let « ) 0. For i s 1, 2 there exists an interval J g J I such thati i
5  .5  .F K - « for every interval K g J I with J rrK . We choose ani i i i i i
 .  .interval J g J I containing J j J . Then for any interval J g J I with1 2
 .  . 5  .5 5  .5JrrK and K f J I j J I we obtain F K F F K l I q1 2 1 1
5  .5  .F K l I - 2« . Thus the function F : J I ª E converges and f is2 2
integrable on I.
Now we are able to prove the equivalence between the convergence of a
multiple series  a and the convergence of the associated integral H f.n I
We first introduce some
Notations 4.8. Let a : Nd ª E be a multiple series into a Banach space
w .dE. We denote by I the interval I s 0, ` . We consider the function
f : I ª E defined by
 4f x s a if x g I s y g Irn y 1 F y F n for all i s 1, . . . , d . . n n i i i
 .As usual we write F J for the integral of f over a compact interval
 . d w x d w xJ g J I . Given an interval K s  x , y we put L s  m , n ,is1 i i is1 i i
where m is the biggest integer F x and n the smallest integer G y .i i i i
d w x  .LEMMA 4.9. Let K s  x , y g J I and suppose that n s m q 1is1 i i i i
 4for each i with x f N j 0 or y f N. Then one has the equalityi i
dm K y y x . i i
f s f s ? f .H H Hm L n y m .K L Lis1 i i
Proof. The assertion is trivial if n s m q 1 for all i s 1, . . . , d. So thei i
w xlemma follows by decomposing each real interval x , y , with x s m andi i i i
w x w xy s n into the finite union x , m q 1 j ??? j n y 1, y .i i i i i i
THEOREM 4.10. Let a : Nd ª E be a multiple series and let f : I ª E be
the associated step function. Then the series  a con¨erges if and only if then
function f is integrable on I. Furthermore, the sum of the series is H f.I
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 .Proof. « Let « ) 0. There exists an integer N g N such that
5 5  . a - « for every rectangle R with C N l R s B. We consider theR n
w xd d w x  .interval J s 0, N and an arbitrary interval K s  x , y g J I .N is1 i i
w xBy decomposing each interval x , y into the union of at most threei i
 4 dsubintervals, one gets a partition K , . . . , K of K with r F 3 and such1 r
that each interval K satisfies the hypothesis of the preceding lemma.i
 .  .y1Therefore, putting l s m K ? m L , we obtaini i i
r r
d< < < <F K F l ? F L s l ? a - 3 « . .  .  1 i i n
is1 is1 R i
 .  .This proves that the function F : J I ª E converges cf. Proposition 4.2 .
And by Hake's Property 4.5 we conclude that f is integrable on I.
 .  .¥ Let « ) 0. Then there exists an interval J g J I such that
5  . 5  . 5  .5F H y H f - « for every interval H g J I with J : H, and F K -I
 .« for every interval K g J I with JrrK. We choose an integer N g N
 . with J : C . For a rectangle R s R m, n we put J s x g Irm y 1 FN R i
4  .x F n for all i s 1, . . . , d . Since  a s F J we deduce as an immedi-i i R n R
ate consequence that the series  a converges to H f.n I
5. CONCLUDING REMARKS
The definition of the integral of a function f : I ª E over an unbounded
closed interval I : R d is closely related to the definition of the conver-
gence of a series a : Nd ª E. So one might be tempted to define integrals
based on some other notions of convergence for multiple series, like, e.g.,
the more general Pringsheim's convergence or the more restricted s-
w xconvergence of M. Sheffer 8 . But the first one does not involve the
 .convergence of the partial series cf. Theorem 2.11 , and the following
result shows that there does not exist any interesting closed strict subspace
 .of CS d, E .
 .PROPOSITION 5.1. Let CS d, E denote the space of all the multiple0
d d  .series a : N ª E satisfying a s 0 for almost all n g N . Then CS d, E isn 0
 .dense in CS d, E .
 .Proof. Let a g CS d, E be an arbitrary convergent series. For each
k d  k .k g N we consider the truncated series a : N ª E defined by a s an n
 .  k . kif n g C k and a s 0 otherwise. We show that the sequence an
 .converges to a in CS d, E .
5 5Given « ) 0 there exists an integer N g N such that  a - « forR n
 .every rectangle R with C N l R s B. Now let k G N. For an arbitrary
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rectangle R : Nd we obtain
d
ka y a s a y a F a - d« .    n n n n
R R  . is1 RC k lR i
5 k 5according to Lemma 2.3. Hence a y a F d« and the assertion is
proved.
Instead of the Kurzweil]Henstock integral, one may consider many
w xother ones, like for instance the Pfeffer integral 6 . The important Hake's
Property 4.5 remains unchanged, and so we can deduce a divergence
theorem for the case of unbounded intervals. We first recall the classical
w xtheorem, cf. Corollary 5.5 in 6 .
THEOREM 5.2. Let J : R d be a compact inter¨ al and let f : J ª R d be a
continuous ¨ector field which is differentiable on the interior J 0. Then the
 .di¨ ergence function div f is Pf-integrable and Pf -H div f s H f ? n , whereJ ­ J J
n is the usual exterior normal.J
THEOREM 5.3. Let I : R d be any closed inter¨ al and let f : I ª R d be a
continuous ¨ector field which is differentiable on I 0. We suppose that f ? n isI
 .integrable on ­ I i.e., on each face A , . . . , A of the boundary ­ I and that1 r
 .the function G J s H f ? n con¨erges to 0. Then div f is Pf-integrable­ J _ ­ I J
 .on I and Pf -H div f s H f ? n .I ­ I I
Proof. Of course, ­ J _ ­ I denotes the union of the faces of J which
 .are not contained in ­ I. Since Pf -H div f s H f ? n for every compactJ ­ j J
 .  .interval J g J I , it is enough to show that the function F J s H f ? n­ J J
converges to H f ? n . So let « ) 0. For each i s 1, . . . , r there exists an­ I I
 .interval B g J A with the propertiesi i
 . < <  .1 H f ? n y H f ? n - « for every interval C g J A withC I A I i ii i
B : C ,i i
 . < <  .2 H f ? n - « for every interval D g J A with B rrD .D I i i i ii
 .Similarly, there exists an interval J g J I such that
 . <  . <  .3 G H - « for every interval H g J I with J : H or JrrH.
One may assume that B : ­ J for all i s 1, . . . , r. Therefore we obtaini
r
f ? n y f ? n F f ? n y f ? nH H H HH I I I
­ H ­ I ­ HlA Ai iis1
q G H - r q 1 « .  .
< <  .if J : H, and similarly H f ? n - r q 1 « if JrrK. So the assertion is­ K K
proved.
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As an application of this theorem, one can prove a residue theorem for
 .the case of an unbounded interval I : C left as exercise .
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